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1 Characteristic set $($Wu )
2. Gr\"obner ba.sis (Buchberger 7) ,F4 ) )
3 multipolynomial resultant
4. real root finding
5.
, Wu Characteristic




3. B\’ezout , Bernstein















$a_{i_{)}\dot{\supset}}^{karrow 1} arrow\frac{a_{i,j}^{k}a_{k_{Z}k}^{k}-a_{i.k}^{k}a_{k^{\backslash }.j}^{k}}{a_{k-1,k-1}^{k\cdotarrow 1}}$
, . $a_{i,j}^{k\backslash }a_{k,k}^{k}-a_{i,k}^{k}a_{k_{\dot{\theta}}}^{k}$ $\iota_{k-1,k-1}^{k-1}$
. [5]
$(\begin{array}{lll}a b cf g hk l m\end{array})arrow$ $(00a$
$|\begin{array}{ll}a bf ga bk l\end{array}|$ $|_{km}^{1_{fh}^{a^{C}c}}ac|)arrow(()0a$ $|\begin{array}{ll}a bf g\end{array}|$ $X=’\det|\begin{array}{ll}(\iota cf h\end{array}|)$
$X$ $=$





.$|\begin{array}{ll}a ck rn\end{array}||\begin{array}{ll}a bf g\end{array}|-|\begin{array}{ll}(l bk l\end{array}||fa$ $hc$ $=$ $fkagblmhc$ $a$




$4\cross 4$ , 1 .
$5\cross 5$ $A=(a_{i,j})$ .
$L_{1}$
$=a_{4_{)}4}ar_{J},5-a_{4_{2^{L}}^{r_{1}}}a_{5,4},$ $L_{2}=a_{4,3}a_{5.5}-a_{4,5}a_{5,3}$$.,$ $L_{3}=a_{4_{1}3}a_{S,4}-a_{4,4}a_{5,3}$ ,
$L_{4}$ $=$ $a_{4,2}a_{5_{1}S}-a_{4,5}a_{5_{1}2},$ $L_{5}=a_{4,2}a_{5.4}-a_{4.4}a_{S.2}.L_{6}=a_{4,2}a_{5_{2}3}-a_{4.3}a_{5,2}$ ,












, $N\cross N(N>4)$ ( $N/2$ $1$ ) $\cross(N/2$
$-1$ ) .
, . , $N$
.
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2 , . [5]
1 , [3] .
1 , .
$f(x)$ $=$ $b_{0}+bix+b_{2}x^{2}$ ,
$g(x)$ $=$ $(\iota_{0}+a_{1}x+a_{2}x^{2}+a_{3}x^{3}$ .













, $2\cross 2$ . , 500 3
. $3\cross 3$






Colins subresultant PRS(polynomial remainder sequence)
$\deg(A(x))\geq\deg(B(x))$ $A(x),$ $B(x)$ $R$ 1
,
1. $R_{\{}(x)=A(x),$ $R_{1}(x)=B(x)$
2. $\alpha_{i}R_{i-1}(x)=Q_{i}(x)R_{i}(x)+,\prime 3_{i}lt+1(x)$ $with\alpha_{i},$ $\mathcal{B}_{i}\in R$
3. prem $(R_{k-1,}\backslash R_{k})=0$
$R_{1}(x)_{\}\ldots.,$ $R_{k}(x)$ PRS . $\alpha_{i},$ $\beta_{i}$ .
$r_{i}$ $=$ leading coeff. $(R_{i}(x)),$ $\delta_{i}=\deg(R_{-1}(x))-\deg(R(x))$
$\alpha_{i}=\cdot r_{i:}^{\delta_{i}+1}\beta_{1}=(-1)^{\delta_{1}+1},/\beta_{i}=-r_{i-1}\psi_{i}^{\delta_{i}}$ for $2\leq i\leq k,\cdot$




$R_{1}=f,$ $R_{2}=g$ . $R_{3},$ $\ldots R_{k}$ , $ni=\deg(R_{i})$




. . [5] .
323
re$\llcorner s_{x}(A_{1}\cross A_{2\}}B)=res_{x}(A_{1}, B)\cross re_{\text{ }}s_{x}(A_{2},B)$ , (1)
$res_{x}(A, B_{1}\cross B_{2})=res_{x}(A, B_{1})\cross res_{x}(A, B_{2})$ . (2)
$res_{x}$ ( $m$ $A_{7}n$ $B$ )









[4] , $\gamma n$ $n$ 1
, Sylvester . ,
. ,
$m$ $7l$. $m=n$ $m\cross m$









, Automatic wight generator[10]
. ,
[12, pp 240] .
$G_{0}$ , $\prec_{\dot{(}1}$ , $p$ $Go\subset Q_{<p>}[X]$
. $f\in\subset Q_{<p>}[X]$ , $m_{p}(t)\in$ GF$(p)[t]$ $o_{p}(f)$ $<\emptyset_{P}(G_{0})>$
. , $m(t)\in Q_{<p>}[t]$ ,
$\deg(m,(t))=\deg(m_{p}(t))$ $m(f)\in<G_{0}>$














$a,$ $b,$ $c_{:}d,$ $e,$ $f.g,$ $h$ ,
$?lt:+t\iota|?’+y\approx+s-a=0,$ $st+wx+yz+u-b=0,$ $st+ut)+yz+w-c=0$
$st+\cdot uv+wx+y-d=0,$ $u+w+y+t-e=0,$ $s+u+y+v-f=0$
$s+u+y+x-g=0,$ $s+u+?l\rangle+z-h=0$
$y_{\backslash }w,$ $\cdot n,$ $\approx,\cdot x,$ $v,$ $t$ $s$
$!$
Dixon multipolynomial resultant , $s$
15 $s^{3}$ ( $s$ 12 ) . , $\deg(m_{p}(s))$
12 .
$\grave$




, $7n(f)$ , .
, [12, pp.240-248] .

















$G_{1}$ $G_{2}$ . ,
, $\cross$ .
, $\cross$
. , $G_{1}$ i $G_{1}$
. , $G_{2}$
$-x_{2}^{2}l+2$ . , $G_{1}$
$u$ .
$u$ $=$ $(1,x_{1}.x:_{2_{i}}x_{2}^{2})^{T}$
$x_{1}u$ $=$ $(x_{1\backslash }x_{1\dagger}^{2}x_{1}x_{2_{\grave{\prime}}}x_{1}x_{2}^{2})^{T}$
,
$x_{1}u\equiv$ $(x_{1}, -x_{2}^{2}+2,2/3,2/3x_{2})^{T}$ $mod$ $G_{1}$
$\equiv$ $(\begin{array}{llll}0 1 0 02 0 0 -12/\backslash .3 0 0 00 0 2/3 0\end{array})u$ inod $G_{1}$
$x_{1}=\lambda$
. [12, pp. 131-146]
4
, $[13, pp.146rightarrow 158]$ . ,
Krawczyk Bezout Bernstein .
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4. lKrawczyk
4.1.1 Krawczyk ,: [13, pp.141-146]
$f(x)=0$ . ,
. $U\subset R^{n},$ $f$ : $Uarrow R^{n}$ $C^{1}$ . $U$ $T$
$c=$ Mid $(T)$ $T$ , $M$
$M=E-L^{-1}F’(T)\backslash$,
.
, $E$ $F’(T)$ $f$ $T$





$x_{j}=[ci,$ ci $]$ $f(x)$ . ,
$||M||_{\infty}<1$ (4)
$K(T)\subset T$ , (5)
, $K(T)$ $f(x)=0$ $x^{*}$ . ,
. , $\subset$ $K(T)$ $T$





2. $H=$ $\{\}$ end
3. $Tarrow$ head $(H)$
4. $f(T)\not\supset O$ 2
5. $T$ Krawczyk . $G$ $T$ .
2






























$\{\begin{array}{l}x_{1}^{2}+2x_{1}+x_{2}^{2}-2x_{2}-7= 0x_{1}^{2}-6x_{1}+x_{2}^{2}-4x_{2}+9 = 0\end{array}$
, Krawczyk $-1\leq x_{1}\leq 1,$ $-1\leq x_{2}\leq 1$
. , $x_{1}arrow 1/y_{1}$ .
$\{\begin{array}{l}y_{1_{\sim}}^{2_{X_{9}^{2}-2y_{1}^{2}x_{2}-7y_{1}^{2}}}+2y_{1}+1 = 0y_{1}^{2}x_{2}^{2}-4y_{1}^{2}x_{2}+9y_{1}^{2}-6y_{1}+1 = 0\end{array}$
$-1\leq y_{1}\leq 1,$ $-1\leq x_{2}\leq 1$ . , $X_{2}^{i}arrow 1/y_{2}$ .
$\{\begin{array}{l}x_{1}^{2}y_{2}^{2}+2x_{1}y_{2}^{2}-7y_{2}^{2}-2y_{2}+1 = 0X_{1}^{22_{-6x_{1}+9_{J_{2}^{2}}}}y_{2}y_{2}^{2}\not\in-4y_{2}+1 = 0\end{array}$
$-1\leq x_{1}\leq 1,$ $-1\leq/l2\leq 1$ .
,
$\{\begin{array}{ll}-7y_{1}^{2}y_{2}^{2}+2y_{1}y_{2}^{2}+y_{2}^{2}-2y_{1}^{2}y_{2}+y_{1}^{2} = 09y_{1/^{2}-6y_{1}y_{2}^{2}+y_{2}^{2}-4y_{1}^{2}y_{2}+y_{1}^{2}}^{2_{2_{2}}} = 0\end{array}$ (6)
$-1\leq y_{1}\leq 1,$ $-1\leq y_{2}\leq 1$ . ,
. .
. (6) , $(y_{1}., y_{2})=(0,0)$ . , .
, $(y_{1}, y_{2})=(0,0)$
. Krawczyk . ,
.
. ,
. $Be\ovalbox{\tt\small REJECT} zout$ Bernstein [2] . B\’ezout
, . , Bernstein







. , $r_{i}= \sum_{j=1(j\neq i)}^{n}|a_{i_{2}j}|\dot{!}c_{j}=\sum_{i=1(i\neq j)}^{n}|\iota_{i.j}|$ . 1) $A$
$a_{i_{t}i}$ $7_{i}$ $R_{i}=\{\sim?:|\approx-a_{i,i}|\leq r_{i}\}$ $\cup R_{i}$
. 2) $A$ $a_{jj}$ $c_{i}$ $C_{j}=\{z:|z-a_{j_{l}j}|\leq c_{j}\}$
$\cup C_{j}$ . ,
. .
, .
[9] $x^{n}+aix^{n-1}+\cdots+a_{n}=0$ , $a_{\alpha},$ $a_{\beta},a_{\gamma},$ $\cdots$









22 . $F(\alpha, b, c, d, e, f)$ .
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6 , $U_{1}=F(\alpha, b_{6^{\backslash }}, c_{4}, g_{6}, h_{6},0_{()}\backslash ),$ $U_{2}=G(a_{6}, \alpha, d_{6}, e_{6}, f_{6}, h_{6}, i_{6},j_{6})$ $\alpha$
$U_{1}$ $U_{2}$ $K(a_{6}, b_{6}, c_{6}, d_{6}, e_{6}, f_{6}, g_{6}, h_{6}, i_{6},j_{6})=res_{\alpha}(U_{1}, b^{r_{2}})$ . $U_{3}=$
$H(a_{6}, \alpha, d_{6}, e_{6}, f_{6}, h_{6}, i_{6},j_{6})$ , $K((\iota_{6}.b_{6}, c_{6}, d_{6}, e_{6}, f_{6,96}, h_{6}, i_{6},j_{6})=[res_{\alpha}(U_{1}, U_{3})]^{2}$
. $U_{1},$ $U_{3}$ $II_{1}=(U_{1}(0))+(U_{1}(2))\alpha^{2}+(U_{1}(4))\alpha^{4},$ $II_{3}=(U_{3}(0))+$
$(L^{r_{d}}\cdot(2))\alpha^{2}+(U_{3}(4))\alpha^{4}+(U_{3}(6))\alpha^{6}+(U_{3}(8))\alpha^{8}$ . $U_{1}’=(U_{1}(0))+$
$(U_{1}(2))\beta+(U_{1}(4))\beta^{2},$ $U_{3}’=(U_{3}(0))+(U_{3}(2))\beta+(U_{3}(4))\beta^{2}+(U_{3}(6)),\mathcal{B}^{3}+(U_{3}(8))’\beta$ 4 ,
(3) , $K(a_{6}, b_{6\prime}.c_{6}, h, e_{6}, f_{6}, g_{6}, h_{6}, i_{6},j_{6})=$






$d^{3}-b^{3}=271,$ $b^{3}-c^{3}=217,$ $c^{3’}-a^{l}\backslash =60.8,$ $a^{3}-e^{3}=326.2,\cdot e^{3}-f^{3}t=61$ (8)
. $f$ 1458 .
, . ,
, (8) $3\cross 3$
, .
, , . [11]
, , $f$ 1458
, . , 1458
.
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